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ABSTRACT 
 
In order to characterise and model the behaviour of the matrix/fracture system in Naturally Fractured 
Reservoirs (NFRs) through a dual-medium representation, transfer functions have been developed. 
The aim of those functions is to provide an analytical formulation of matrix/fracture exchanges. Amongst 
those state-of-the-art mathematical objects, the General Transfer Function (GTF) was developed by Lu 
et al. at Imperial College London in 2007. 
Within this paper, the behaviour of the diffusing component of that GTF was simulated and tested. 
Although the test of the three other main recovery mechanisms (gravity/capillary displacements and 
fluid expansion) were already validated, the diffusion term inspired by Zimmerman et al. (1993) 
approach had never been tested in trivial conditions. Testing the capability of the GTF to that 
mechanism is still necessary to provide an accurate and complete NFR flow simulating tool to the oil 
industry engineers. 
In order to provide uncontroversial reference cases on a fine grid for this validation, the behaviour of a 
flow simulator widely used in the oil industry was tested against an analytical solution for the diffusion 
process, in simple 1D conditions, using a two phase flow simulator. 
The study of the behaviour of the matrix/fracture system under both analytical and numerical 
approaches revealed that differences exist between the way diffusion was treated through the GTF and 
the way it behaves in a fine grid representation. In fact, the diffusion speed appeared to be slightly faster 
when observing GTF results, than when observing reference cases at early and middle times. A good 
match was observed at late times in 1D. Meanwhile, an increase in speed was observed in 2D with the 
increase of the matrix size, creating temporal consistency issues in the diffusion mechanism in that 
dimension. A comparison with a commercial double-porosity simulator showed however that the GTF 
is worth being used instead of the standard transfer functions used by commercial double-porosity 
simulator. 
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Abstract 
In order to characterise and model the behaviour of the matrix/fracture system in Naturally Fractured Reservoirs (NFRs) 
through a dual-medium representation, transfer functions have been developed. The aim of those functions is to provide an 
analytical formulation of matrix/fracture exchanges. Amongst those state-of-the-art mathematical objects, the General 
Transfer Function (GTF) was developed by Lu et al. at Imperial College London in 2007. 
Within this paper, the behaviour of the diffusing component of that GTF was simulated and tested. Although the test 
of the three other main recovery mechanisms (gravity/capillary displacements and fluid expansion) were already validated, 
the diffusion term inspired by Zimmerman et al. (1993) approach had never been tested in trivial conditions. Testing the 
capability of the GTF to that mechanism is still necessary to provide an accurate and complete NFR flow simulating tool 
to the oil industry engineers. 
In order to provide uncontroversial reference cases on a fine grid for this validation, the behaviour of a flow simulator 
widely used in the oil industry was tested against an analytical solution for the diffusion process, in simple 1D conditions, 
using a two phase flow simulator. 
The study of the behaviour of the matrix/fracture system under both analytical and numerical approaches revealed that 
differences exist between the way diffusion was treated through the GTF and the way it behaves in a fine grid 
representation. In fact, the diffusion speed appeared to be slightly faster when observing GTF results, than when observing 
reference cases at early and middle times. A good match was observed at late times in 1D. Meanwhile, an increase in speed 
was observed in 2D with the increase of the matrix size, creating temporal consistency issues in the diffusion mechanism 
in that dimension. A comparison with a commercial double-porosity simulator showed however that the GTF is worth 
being used instead of the standard transfer functions used by commercial double-porosity simulator. 
 
Introduction 
Naturally Fractured Reservoirs (NFRs) represent a large part of the world’s oil and gas reserves. NFRs are generally 
composed of two types of media: matrix stagnant domain, and fracture flowing one. The matrix, for about 95% of the cases 
composed of carbonates, is generally filled with gas or very high density oils implying a usual low recovery of less than 
25%. The fractures represent a large variety of singularities in the reservoirs from very low scales (micro fissures of less 
than 10 micrometres) to very high ones (clustered fracture corridors and conductive faults from 100 meters to several 
kilometres). Those fracture networks, created by high compressive forces, are also characterised by large ranges of 
conductivities dramatically varying from a fault type to another. In NFRs, the flow of hydrocarbon between the matrix and 
the fracture is generally the consequence of four main recovery mechanisms acting at various time scales: fluid expansion, 
capillary and gravity displacements and diffusion. 
For those reservoirs, EOR methods are widely used as they substantially increase the recovery factor. Because the 
matrix rocks containing the hydrocarbon are most often of mixed wet types or oil-wet, water flooding and/or gas flooding 
are generally used. The capillary effect defining one of the main recovery mechanisms has a major role in the recovery 
process, and, as a consequence, the wettability is especially important. The implementation of those EOR methods is often 
done alongside thermal processes affecting the petrophysical properties of the hydrocarbon trapped in the matrix. Obtaining 
an accurate dynamical representation of those reservoirs to predict the behaviour of those fields is, as a consequence, an 
especially important point for engineers, which implies tremendous challenges. The development of such models is slowed 
down by various issues like the high time it takes to compute the flow between matrix and fractures in complex fine grid 
models or the complexity in upscaling those fine grid representation of NFRs and calculating the flow in those grids. 
One way of simplifying this problem consists in representing the matrix/fracture system through a double-medium 
approach in which matrices and fractures are considered as two interconnected systems. The reservoir properties are 
upscaled in each medium and the whole reservoir is then considered as a cluster of two-point matrix/fracture systems under 
a double-porosity (flow between matrices and fractures and within fractures) or a double-permeability (flow between the 
two media and within each type of medium) approach. In that option, the fluid transfer between the two media is computed 
using a transfer function and the geological and petrophysical properties of the system. That double-medium approach was 
first theoretically introduced by Barenblatt et al. (1960) and then widely applied in the oil and gas industry. Warren and 
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Root (1963) were the first to propose a complete transfer function using a shape factor to artificially weight the computed 
transfer rate by a representation of the system’s geometry. The early times issues linked to that solving were then overcome 
with the Crank (1975) and Vermeulen (1953) approach. Kazemi and Gilman (1983) then developed a transfer function 
based on Warren and Root formalism and treating multiphase flows under semi-steady conditions for expansion, capillary 
and gravity displacements. Various problems remained with that approach and particularly the lack of accuracy at the 
interface between matrix and fracture. Quandalle and Sabathier (1989) solved the problem by separating the horizontal and 
vertical equations and taking into account mobility for each face of the system. All the classical recovery mechanisms were 
considered, except diffusion. Despite this novel approach, the Kazemi formulations continued to be mostly used in the 
industry, and the Quandalle and Sabathier one was only implemented in in 1998 in one of the standard flow simulator. 
 The available computational power increased all along that historical evolution of transfer functions and today, state-
of-the-art functions are developed fully allowing an efficient use of that power. New analysis emerged only in the early 
2000’s, and Sarma and Aziz (2006) finally proposed a new general formulation, going beyond a new estimation of shape 
factors. Following this purpose of going beyond the steady-state approach,Lu et al. (2007) developed at Imperial College 
London a new transfer function, called General Transfer Function (GTF), based on Zimmerman et al. (1993) formalism 
and treating the four main recovery mechanisms implied in NFR’s recovery. This transfer function, completely decoupling 
the different recovery processes, has shown very convincing initial results and allows efficiently using all the computational 
power, as compared with other transfer function by Abushaikha and Gosselin (2008). Capillary and gravity displacements 
and fluid expansion were indeed previously tested by Lu et al. (2007). Moreover, a fundamental interest is carried by the 
GTF as it represents multiphase transfers for multicomponent fluids. The outstanding potential of that transfer function has 
however to be completed with the remaining test of its diffusion part which will be led through that paper. The GTF was 
also challenged by other attempt to replace the Warren and Root type of transfer functions, with the Subface Transfer 
Function, Abushaikha and Gosselin (2009), using a shape factor varying with saturation and a pseudo capillary pressure, 
but the new method was only validated for capillary and gravity forces. 
As was described by Chordia and Trivedi (2010), diffusion plays an especially important role in NFRs among the other 
recovery processes. In fact, in small matrix blocks with low permeability, the drainage linked to gravity is weak in regard 
of diffusion. Sometimes, the early times gravity drainage will be strongly reduced by capillary forces when those effects 
are entering in competition. This point is very likely to appear in oil-wet or mixed-wet reservoirs through gas injection and 
results in a major impact of diffusion on recovery, at middle and late times. Diffusion is also especially important when 
studying the effect of miscible gas or 𝐶𝑂2 injection in trapped oil, subsequently modifying the nature of the trapped oil and 
finally allowing a higher recovery. The pressure and temperature under which the reservoir is conditioned also influences 
a lot the recovery derived from diffusion. The effect of the injected solvent is all the more important as the difference 
between the minimum miscibility pressure and the actual reservoir pressure is high. As a consequence, in highly pressured 
reservoirs, diffusion is likely to have a major role. For those reasons, it is important to be sure GTF also provides good 
results for diffusion in NFRs.  
The purpose of testing the diffusion term of the GTF is to make sure diffusion implemented through that model behaves 
the same as the way described by analytical equations of diffusion in similar conditions. As a comparison to a general 
mathematical solution in same experimental conditions was too computationally demanding and out of engineers interest, 
the diffusion term of the GTF was tested against a finite volume difference commercial simulator such as ECLIPSE 
(Schlumberger). First, a quick review of the GTF basic formulation and previous tests was done. Then, a test of the 
behaviour of ECLIPSE300 in regard of diffusion in dimension 1 was processed to be sure the fine grid reference cases 
were accurate enough to be used. Then, the comparison tests between the GTF and ECLIPSE reference cases were done in 
various dimensional conditions (1D and 2D matrices and fractures) and a sensitivity analysis was led on different 
parameters such as the shape factor selected for the test and the typical dimensions of the matrix. Finally, a comparison 
between the behaviour of a double-porosity representation and the GTF was also performed in order to determine the gain 
linked to using GTF instead of a commercial double-porosity simulator to simulate diffusion. 
 
Preliminary Analysis of the General Transfer Function 
 
General Transfer Function  
The General Transfer Function (GTF) was developed based on a dual-porosity and a dual-permeability model. It is an 
extension of the flux term initially developed by Warren and Root (1963) to a compositional model. As a consequence, it 
allows the engineer considering each fluid under both a compositional and a multiphase approach. The GTF requires the 
use of a shape factor which can be derived through different methods (Tab. 1). The GTF function takes into account the 
different properties of each phase of the system as it was first proposed by Quandalle and Sabathier (1989). It allows 
computing all the four main recovery processes involved in transfers within the matrix/fracture complex.  
The phase saturation, component concentration and matrix oil pressure are solution variables determined from linear 
or non-linear PDE, implicitly solved. As a matter of fact, the GTF does not need iterative techniques to be implemented 
and requires a very small computational time allowing an adaptation to medium to large scale models. The transfer rates 
linked to each recovery mechanim are then separately computed using the evolution of those different properties through 
time. Finally, the contributions are summed to obtain the total transfer rate (Eq. 1).  
The total transfer rate, from a matrix of porosity  ∅𝑚 to a surrounding fracture, for the component of index 𝑐 is given 
by: 
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𝑄
𝑐
 =  ∑ [ 𝑄
𝑝,𝑐
𝐷 + 𝐶𝑝,𝑐 𝑚. ( 𝑄𝑝
𝐸 +  ∅𝑚. ∑ 𝑄𝑝,𝑟
𝑆
𝑟 ≠ 𝑝
) ]
𝑝=𝑜,𝑤,𝑔
 (1) 
 
All the transfer rates are with units of mass per volume per time. 𝑄𝑝,𝑐
𝐷  is the transfer rate linked to diffusion,  𝑄𝑝
𝐸  is the 
transfer of phase 𝑝 linked to fluid expansion, 𝑄𝑝,𝑟
𝑆  is the transfer of phase 𝑝 linked to displacement induced by phase 𝑟. 
This last one implies all capillary and gravity induced displacements. 𝐶𝑝,𝑐 𝑚 is the density of component 𝑐 in phase  𝑝.  
 
Initial Tests and First Conclusions 
 
Test Conditions 
Initial test were led on the GTF by Lu et al. (2007) in dimensions 1 and 2. The aim was to test the predictions of recovery 
linked to fluid expansion, capillary and gravity driven flows. The tests were done in very simple geometrical systems for 
both matrix and fractures and with constant fracture saturations and hydrocarbon component densities.  
 
Fluid Expansion, Capillary and Gravity Driven Flows Tests 
Due to the use of the Zimmerman et al. (1993) formalism and the correction to linear transfer rate introduced by Vermeulen 
et al. (1953), the GTF showed very good results, for the prediction of saturation and transfer rates evolution linked to fluid 
expansion in exceptionally capturing its behaviour at early times. Capillary driven flow accuracy was also investigated 
with a large range of capillary type curves in various wettability conditions. In that case too, the predictions compared to 
reference cases were good. In a same trend, after testing gravity driven flows under various conditions, the results were 
very convincing both at late and early times. 
 
Partial Conclusions 
The conclusion addressed by Lu et al. (2007) clearly indicates that the GTF is an outstanding tool to describe the behaviour 
of material transfers between matrix and fractures in NFRs. For all those reasons, it appeared essential to especially focus 
on that transfer function and complete the battery of tests while testing the last transfer term: diffusion. 
 
 
Diffusion Term of the GTF  
 
Diffusion Theoretical Background 
Diffusion is a physical phenomenon described by statistical physics and induced by natural molecular agitation. Diffusion 
is a statistical move of a kind of particules, result of the Brownian motion, induced by the presence of other particle kinds.  
From a macroscopic point of view, a diffusion equation of a component into a given medium is used to describe the 
evolution of the concentration of particles of that component through space and time. The PDE is governed by a factor 
called diffusion coefficient with units of surface per unit of time which represents how fast the considered component 
diffuses into a medium with a given gradient of concentrations. The diffusion coefficient strongly depends on the natures 
of the medium and the particles initially occupying it. 
In the case of NFRs, the fracture network is populated with miscible or immiscible gas through EOR processes. The 
gas diffuses into the matrix trapped oil. If the injection is immiscible, the oil is flushed by the gas diffusing in it. If the 
injection is miscible, the solution gas ratio 𝑅𝑆 increases at the same rhythm as the diffusion of fracture gas into the matrix. 
The petrophysical properties of the oil are eventually modified, allowing a higher recovery. In that example, the 
concentration of the gas component is supposed to be different of zero in the fracture and equals to zero in the matrix at 
initial time. This initial difference of concentrations within the matrix/fracture system weighted by a diffusion coefficient 
is the diffusion engine.  
 
GTF Diffusion Part 
The diffusion term of the GTF is built under a same scheme as the fluid expansion term. Through that formulation, diffusion 
is induced by a linear difference of component 𝑐 density in unit of mass per unit of volume within the matrix-fracture 
system in a precise phase 𝑝: 𝐶𝑝,𝑐 𝑓  −  𝐶𝑝,𝑐 𝑚. A Boost Factor 𝐵𝐷is used to respect the kinetic of diffusion at early times and 
a diffusion coefficient 𝐷𝑝𝑐 of component 𝑐 into phase 𝑝 is included into the formula. A shape factor Χ allows taking into 
account the geometry of the system. The transfer rate is computed as follow (Eq. 2): 
 
𝑄𝑝,𝑐
𝐷 =  Χ. 𝐷𝑝𝑐 . 𝐵𝐷 . (𝐶𝑝,𝑐 𝑓  −  𝐶𝑝,𝑐 𝑚 ) (2) 
 
As previously mentioned, the GTF is supposed to be computed as following: the equation governing the evolution of 
𝐶𝑝,𝑐 𝑚 is solved implicitly through time and the transfer rate is then updated for each time with the new value of 𝐶𝑝,𝑐 𝑚. The 
shape factor Χ and the Boost Factor 𝐵𝐷   will be discussed in the next sections. The values chosen for the diffusion 
coefficient 𝐵𝐷  will be discussed further in the GTF implementation section.  
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Shape Factor  
As the transfer functions are based on mass continuity equations, the geometrical aspect of the matrix/fracture system is 
not taken into account in their formulations. As a consequence, a semi-analytical, semi-discrete parameter called shape 
factor has to be included. It was first introduced by Barenblatt et al. (1960) and allows reflecting the geometry of the 
system, playing the role of flow controller. 
Various ways of deriving that shape factor had been implemented during the past years. All those methods are based 
on the matrix typical lengths, in the considered dimension. As an example, for a 1D system, the shape factor will only be 
based on the length of the matrix entity. Only three kinds of shape factor were taken into account through that study and a 
sensitivity analysis was led on those. Those are reviewed through the following table (Tab. 1): 
 
Author Warren and Root (1963) Kazemi (1976) Zimmerman (1993) 
1D 
 
12
𝐿𝑥
2 
 
 
4
𝐿𝑥
2 
 
𝜋2
𝐿𝑥
2 
2D 
 
8(𝐿𝑥 +  𝐿𝑦)
2
(𝐿𝑥𝐿𝑦)
2  
 
 
4 (
1
𝐿𝑥
2  +  
1
𝐿𝑦
2) 
 
𝜋2 (
1
𝐿𝑥
2  +  
1
𝐿𝑦
2) 
Table 1 - Description of historical shape factors used through GTF simulations 
 
 
 𝐿𝑥 and 𝐿𝑦 are the typical lengths of the matrix. 
 
Boost Factor 
The boost factor is used to allow the diffusion part of the GTF to respect the kinetic of diffusion at early times. It is based 
on Zimmerman et al. (1993) formalism and is defined as follow (Eq. 3): 
 
𝐵𝐷 =  
|𝐶𝑝,𝑐 𝑓 − 𝐶𝑝,𝑐 𝑖 𝑚| +  |𝐶𝑝,𝑐 𝑚 − 𝐶𝑝,𝑐 𝑖 𝑚|
2𝑀𝑎𝑥(𝜀. 𝐶𝑃𝐶𝑚;  |𝐶𝑝,𝑐 𝑚 − 𝐶𝑝,𝑐 𝑖 𝑚|)
 
 
(3) 
A small 𝜀 factor is used to ensure stability at very early times. 
 
Preliminary Test of Reference Case Software ECLIPSE300 (Schlumberger) 
 
Methodology of Preliminary Test 
In order to test the diffusion term of the GTF, a correct reference case had to be provided. The Schlumberger ECLIPSE 
suite was selected to provide those reference cases. From a previous studies, ECLIPSE100 was discredited for its results 
about diffusion and a full interest was adopted in ECLIPSE300. The software was tested in simple conditions against an 
analytical solution for the diffusion process.  
As the diffusion option is not available within ECLIPSE without it, a compositional model was used to define the fluids. 
At initial time, half of the used fine grid was saturated with gaseous methane and the other half with liquid dodecane. In 
order to remove all viscous effects and pressure gradient driven flows, the pressure was set constant at a same value in all 
the cells and did not changed during the experiment. At the chosen conditions of temperature and pressure, we were sure 
that methane would stay under a gaseous phase and dodecane under a liquid phase. As a consequence, the gas saturation 
of each cell was directly the ratio of the methane volume on the pore volume, and the liquid saturation was the ratio of the 
dodecane volume on the pore volume. Therefore, monitoring the gas saturation in the model allowed us observing directly 
the diffusion of methane. The PVT conditions were also chosen so that the two phases were immiscible. Using the cross-
phase diffusion option of ECLIPSE300 allowed us studying the diffusion of gaseous methane which directly displaced the 
liquid dodecane without any compositional change. 
Even if the experiment had a very low operational interest, the aim was to directly test the way the diffusion equations 
are implemented in ECLIPSE300. Once the model was tested and validated in the previous trivial conditions, the 
superposition principle ensures that ECLIPSE300 provides accurate reference cases for diffusion in more complex 
problems, for different phases, geometries and compositional effects as miscibility. As a consequence, for that test of 
ECLIPSE300, only the 1D aspect was taken into account. A 1D grid of length 𝐿 = 6 𝑚 was chosen for the geometry in 
ECLIPSE300 (Fig. 1): 
 
Analytical Solution 
The behaviour of ECLIPSE300 in the previous experimental conditions was tested against a derived analytical solution. 
The scheme of the experimental conditions on which the evolution of the concentration of gaseous methane through space 
and time was calculated is represented below (Fig. 1): 
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Figure 1 - Experimental design of ECLIPSE300 preliminary test for diffusion. Up is presented the experimental design and Down 
the gas/liquid initial phase saturations. 
 
The solution for gas saturation is given hereafter (Eq. 4) and plotted through space and time (Fig. 2): 
 
𝑆(𝑥, 𝑡) =
1
2
 +  ∑ 𝐸𝑛 . 𝑒
𝑛2𝜋2
𝐿2
𝐷𝐶1→𝐶12 .𝑡
𝑛∈ℕ∗ 
. cos (
𝑛𝜋
𝐿
𝑥)    (𝑥, 𝑡) ∈ [0, 𝐿] ×  [0, +∞[ (4) 
 
𝐸𝑛 is a modal function of  𝑛 ∈ ℕ
∗
, 𝐿 the length of the system and 𝐷𝐶1→𝐶12 the diffusion coefficient of gaseous methane 
into liquid dodecane. 
 
Figure 2 - Left: Representation of the analytical evolution of gas saturation through time and space. Right: Representation of the 
analytical evolution of gas saturation through space for various given times 
 
 
Comparison and Validation of ECLIPSE300 Behaviour 
The comparative results of MATLAB – ECLIPSE300 simulation for diffusion are presented hereafter (Fig. 3). A table of 
the different parameters used for the experiment is also provided (Tab. 2). A temperature of 500 Celsius was used for the 
experiment in order to provide a faster diffusion at a diffusion coefficient of 0.01 𝑚2. 𝑠−1. As a higher temperature than 
the standard one was used, a correction was added using a combination of Arrhenius Law and the Kinetic Temperature 
Law to the MATLAB solution. 
 
Diffusion Coefficient 𝒎𝟐. 𝒔−𝟏 0.01 Length of experiment (days) 7000 
Experimental Temperature (K) 773.15 Length of model (m) 6 
    
Table 2 - Expermiental conditons for the preliminary test of ECLIPSE300 for diffusion 
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Figure 3 - Comparison of analytical / numerical results for the preliminary test of ECLIPSE300 against a MATLAB coded analytical 
solution. 
 
 
The results are showing good matches at middle and late times (1500, 3000 and 4500 days). We meanwhile observe a 
slight difference at the interface (3m) at early times (60 days). In fact, at that time, ECLIPSE300 appears to be slightly 
faster than the analytical solution for diffusion. This shift does not seem anyway to have any impact on the further 
simulation as we observe correct and convincing results at middle and late times. 
Through those observations, the preliminary study led on the diffusion algorithm of ECLIPSE300 allows us taking that 
software as a reference case generator for the following GTF diffusion term test. 
 
Numerical Implementation of GTF Diffusion Term  
The numerical implementation which was adopted in MATLAB through that study is slightly different from the one 
provided by Lu et al. (2007). As it was previously explained, the original implementation of the GTF requires solving 
implicitly three PDE for saturation, component density and matrix oil pressure. Through that model, the evolution of 
saturation implied by diffusion is not directly taken into account. In fact, the parameters of the PDE describing the evolution 
of the phase saturation are only related to capillary and gravity displacement mechanisms.  
The reference cases provided by ECLIPSE300 are describing the evolution of saturation in our considered matrix block 
submitted to diffusion through time. In order to overcome that problem and obtain diffusion dependent saturations that 
could be compared to the reference case, a modification of the original GTF algorithm was established. The adopted one 
is described below: 
 
1.  The evolution of component density is calculated at each time step using a MATLAB implicit solver        
(‘ode23s.m’). 
2. The transfer rate linked to diffusion is then updated using the GTF equation related to diffusion (Eq. 2) 
3. The evolution of the phase saturation linked to that diffusion is then computed using a fundamental mass 
balance equation described as follow (Eq. 5): 
 
∅𝑚
𝜕
𝜕𝑡
(𝑆𝑝𝑚𝐶𝑝,𝑐 𝑚) = 𝑄𝑝,𝑐
𝐷              ∀𝑐 (5) 
 
The discretised equation coming from Eq. 5 which was then used through the process is defined by: 
 
𝑆𝑝𝑚
𝑛+1 =  𝑆𝑝𝑚
𝑛  +    
1
𝑁𝑝𝑐
∑
∆𝑡. 𝑄𝑝,𝑐
𝐷
∅𝑚. 𝐶𝑝,𝑐 𝑚
𝑛
𝑐
 (6) 
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In that equation, 𝑛 refers to the timestep at which is taken the considered property and ∆𝑡 is its length. The number of 
fluid components in phase 𝑃 is given by 𝑁𝑝𝑐. That method is strongly dependent on the timestep as a too large one provided 
very large errors in the final results. Meanwhile, that process allowed us being sure saturation was diffusion dependent.  
The PDE naturally governing saturation in the original GTF implementation cannot be changed directly. Meanwhile, 
the equivalent discretised equation can be slightly modified at each time step to take that variation into account. In that 
case, the disccretised equation governing saturation changes (Lu et al., 2007)   simply has to be added with the right term 
of Eq. 6 to take diffusion into account among the other recovery mechanisms. 
 
GTF Diffusion Term Tests and Results 
Various cases were implemented through ECLIPSE300 and MATLAB. Tests were done in dimensions 1 and 2. For each 
one, a sensitivity analysis on the matrix size and the shape factor was done. A comparison between an implementation of 
the GTF and the behaviour of ECLIPSE300 double-porosity simulator for diffusion was also studied in order to determine 
exactly if it is worth using the GTF instead of other commercial transfer function implementations in double-medium 
representations. 
Diffusion from matrix to fracture has often a minor effect through EOR mechanisms. In fact, the matrix is loaded with 
heavy hydrocarbons while the fracture network is invaded with water during water injection, gas during gas injection or 
both when using WAG processes. The diffusion coefficient of the heavy oil into the fracture gas or water is extremely 
small (magnitude of 10−8 𝑚2. 𝑑−1) and diffusion is not likely to be comparable with the other recovery processes, even at 
late times. 
However, the diffusion of fracture gas particles into the matrix oil leads to a situation were diffusion can be considered 
as an important process for middle and late times. In that case, a significant increase in the the rate of recovery of the matrix 
trapped oil linked to miscible or immiscible gas diffusion can be observed. As a consequence, the following study was 
mainly focused on light fracture gas diffusing into matrix heavy oil. 
 
Detailed Methodology of the Test 
The diffusion behaviour of the GTF was only at stake in that study. As a consequence, no sensitivity analysis on the initial 
fracture fluids or the simulated EOR processes were considered when performiong the test. The aim was to study how the 
GTF behaves for diffusion in various geometries, dimensions and with different internal GTF parameters such as the shape 
factor. More, even if the compositional aspect of the fluid is especially important in operational cases, we adopted here a 
very simple fluid model. Every multi-component fluid is treated by the GTF as a summation of the contribution of each 
recovery process for each fluid component. Consequently, studying the behaviour of the transfer function for a small 
amount of component was realistic enough.  
Even though the case of miscibility has a greater operational interest than the case of immiscibility, the compositional 
effects induced by miscibility were not treated here as those phase changes processes are parallel with the diffusion and 
are not changing the way GTF behaves for diffusion.  
 
System and Fluids 
The experimental system was designed as follow: A matrix filled with a heavy hydrocarbon (dodecane) was surrounded 
by fractures filled with a light hydrocarbon (methane). As it was done for the preliminary test, the methane stayed under 
its gaseous phase and the dodecane under its liquid phase. The conditions were chosen so that the two fluids were 
immiscible. For those reasons, only the methane volume was considered to compute gas saturation and only the dodecane 
volume to compute oil saturation. The diffusion of the fracture gaseous methane was observed in the matrix liquid dodecane 
without any phase change. In order to avoid confusions in the further paper, the gaseous methane and the gas phase were 
used to describe a same entity. A table below reviews the different rock and fluid properties and the experimental conditions 
for temperature and pressure (Tab. 3): 
 
System Properties Temperature (K) Pressure (bar) Porosity 
 288.15 150 0.3 
Methane  Dodecane  
Critical Temperature (K) 190.8 < 288.15 Critical Temperature (K) 658.2 > 288.15 
Critical Pressure (bar) 46.4 < 150 Critical Pressure (bar) 18 < 150 
Diffusion Coeff into 
𝑪𝟏𝟐(𝒎
𝟐. 𝒅−𝟏) 
1000 Diffusion Coeff into 𝑪𝟏(𝒎
𝟐. 𝒅−𝟏) 0 
 
Table 3 - System and fluids properties used through the GTF diffusion term test 
 
As the selected gas and oil were chosen immiscible, the diffused gas is flushing the matrix oil. As a consequence, 
monitoring the oil desaturation of the matrix through time was chosen to observe diffusion. 
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Sensitivity Analysis 
Diffusion is a statistical displacement which does not depend on petrophysical parameters such as permeability or 
capillarity. It only depends on geometrical parameters. As a consequence, a sensitivity analysis was led on the dimension 
of the matrix/fracture system, the shape factor (Tab. 1) used for the simulation of the GTF, and the typical length of the 
system. 
 
MATLAB GTF Cases 
In the previously described experimental conditions, the diffusion of the gaseous fracture methane was governed by the 
concentration difference of that element in the gas phase. In fact, the rate contribution terms are separated for each 
component and each phase, in the GTF. In our model, each component belongs to its own phase. The concentration of 
gaseous methane is initially set at 0 in the matrix and at 0.01 𝑘𝑔. 𝑚−3 in the fracture so that the concentration difference 
of methane in the gas phase between the fracture and the matrix is the origin of the diffusion process. 
To generate the evolution of gas saturation in the matrix using the evolution of methane density in the gaseous phase, 
Eq. 2 and Eq. 6 were implemented with 𝑁𝑔𝑎𝑠,𝐶1 = 1. In the same way, even if not used here: 𝑁𝑙𝑖𝑞𝑢𝑖𝑑,𝐶12 = 1  𝑁𝑙𝑖𝑞𝑢𝑖𝑑,𝐶1 = 0 
and 𝑁𝑔𝑎𝑠,𝐶12 = 0. 
 
Ecipse300 Reference Cases 
 
ECLIPSE300 Implementation and Treatment of Results 
As ECLIPSE300 modifies the entered diffusion coefficient in regard of the chosen reservoir temperature, a standard 
temperature of 15 Celsius was chosen for all the reference cases. A high diffusion coefficient was chosen in order to reduce 
computational time in providing significant results at reasonable times. The option DIFFUSE was used in ECLIPSE300 
with the option COMPS allowing a compositional model composed of the two previously described fluids. The diffusion 
coefficients were corrected in regard of the chemical activity of the components and set in cross-phase option through the 
keywords DIFFCGO and DIFFCOG. The pore volume in the fracture network was turned to a quasi-infinite value in order 
to observe fixed concentrations and saturations in those zones. To perform that operation, the option MULTPV was used. 
The gas saturation in the matrix was averaged and monitored using the FIP option.  
Through the various experiments, some compositional effects linked to the nature of the fluids implied an asymptotic 
behaviour of the matrix oil saturation at late times with values different than 0 reached. As we chose the analytical solution 
not to take into account those compositional matters, a homotetical renormalisation of each result was done on saturation 
and time. As a consequence, all the saturations were evolving between 0 and 1. 
 
Tests Parameters and Cases 
The reference cases were designed using ECLIPSE300 1D and 2D fine grid models. The two grids used in 1D and 2D are 
thereafter presented (Fig. 4). In order to reduce the computational time, a half of a matrix/fracture system was represented 
in dimension 1 and a quarter of the system was represented in dimension 2. For that reason, a treatment of the ECLIPSE300 
obtained oil saturation evolution had to be applied. The different cases of study are presented through the following tables 
(Tab. 4, Tab. 5 and Tab. 6): 
 
 
Figure 4 - ECLIPSE300 1D and 2D grids used to produce the reference cases 
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Case 1 1D 2D 
Size of Matrix 2m 2m x 2m 
Sensitivity Parameters: 
 Shape Factor (Tab. 1) 
Kazemi 
Warren – Root 
Zimmerman 
 
Table 4 - Experimental conditions of case 1 test - sensitivity parameter: shape factor 
 
 
Case 2 1D 2D 
Shape Factor (Tab. 1) Zimmerman Zimmerman 
Sensitivity Parameters: 
Size of Matrix 
2m 
5m 
10m 
30m 
2m x 2m 
5m x 5m 
10m x 10m 
30m x 30m 
Table 5 - Experimental conditions of case 2 test - sensitivity parameter: matrix size 
 
 
Case 3 1D 
Shape Factor Zimmerman 
Size of Matrix 10m 
Comparison with ECLIPSE300 double porosity simulation for diffusion 
Table 6 - Experimental conditions of case 3 test 
 
 
Results of GTF Tests against ECLIPSE300 Reference Cases and Discussion 
 
Case 1 
The behaviour of 1D (2 𝑚 long) and 2D (2 x 2 𝑚2) matrices through ECLIPSE300 and the GTF were compared. A 
sensitivity analysis was perfomed on the selected shape factor. Hereafter are presented the results of the study (Fig. 5): The 
matrix desaturation linked to diffused penetrating fracture gas is plotted versus time in 1D and 2D for various shape factors. 
 
 
Figure 5- Comparison of the GTF diffusion term implementation with ECLIPSE300 fine grid reference cases. Sensitivity analysis 
led on the shape factor in each dimension. Left: 2D. Right 1D. Zimmerman shape factor better matches in both cases. 
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First, a faster matrix desaturation is noticed for the 2D geometry than for the 1D grid. This is totally consisitent with 
the fact that the 2D matrix has twice more interfaces with the fracture than the 1D geometry. 
In both dimensions and all things being equal, a better match was observed for the Zimmerman shape factor. All the 
results will be subsequently computed using that shape factor in the further analysis. 
Considering the Zimmerman shape factor case in both dimensions, the matrix desaturation is faster at early and middle 
times for the GTF than for the fine grid ECLIPSE300 reference case. Meanwhile, a match is observed at late time. Under 
that aspect, as the impact of diffusion is usually low compared to the impact of other recovery processes at early and middle 
times, and more important at late times (Chordia and Trivedi, 2006), that match ensures that the GTF is accurate enough 
to be used in NFRs numerical simulation.  
At the very late times, a typical decrease in the desaturation speed is observed in ECLIPSE300 while the GTF simulation 
results in a final sharp desaturation. This error is purely numerical: The timestep used for the GTF simulation at late times 
does not allow observing that effect. Even though, it was occasionally observed using a smaller timestep with a very long 
simulation time.  
As Zimmerman shape factor provides an accurate desaturation at late time, using Warren Root shape factor allows the 
operator obtaining optimistic results in term of diffusion. The use of those two shape factors is subsequently a simple way 
to provide, for simple geometries, a good range of diffusion speeds in dual-medium representations. 
 
Case 2 
Within that case was led a sensitivity analysis to evaluate the response of the GTF with an increasing matrix size. The 
matrix lengths of 2 𝑚, 5 𝑚, 10 𝑚 and 30 𝑚 were tested in 1D and the matrix sizes of 2 x 2 𝑚2, 5 x 5 𝑚2, 10 x 10 𝑚2 and 
30 x 30 𝑚2 were tested in the 2D geometry. As a conclusion of case 1, all the GTF simulations were done using the 
Zimmerman shape factor. The following results were observed: The 1D (Fig. 6) and 2D cases (Fig. 7) are represented 
thereafter. 
 
 
 
Figure 6 - Sensitivity analysis on matrix length in 1D. Up & Left: 2 meters, Up & Right: 5 meters, Down & Left: 10 meters and Down 
& Right: 30 meters. SF stands for Shape Factor. 
 
 
The analysis showed that, whatever the size of the matrix in 1D, the GTF responds correctly at late times, as it was 
observed in case 1. We observe meanwhile that the GTF diffusion speed increases at early and middle times with the matrix 
size increasing, as the vertical shift between the doted curve and the red one is going up. That phenomenon could be a 
problem but does not affect the consistent behaviour of the GTF at late times in 1D. As the diffusion impact is stronger at 
late times, that shift in speed at middle times does not strongly affect the accuracy of the GTF when looking at the whole 
diffusion process. 
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Figure 7- Sensitivity analysis on matrix size in 2D. Up & Left: 2x2 square meters, Up & Right: 5x5 square meters, Down & Left: 
10x10 square meters and Down & Right: 30x30 square meters. SF stands for Shape Factor. 
 
 
The GTF behaves the same in dimension 2 as in dimension 1 in term of curve shape. Meanwhile, we observe an obvious 
shift in time as the size of the matrix increases. The larger the matrix is, the faster the GTF simulates matrix oil desaturation. 
Only the shape factor is changed when moving from 1D to 2D in the GTF implementation. A logical consequence is that 
the shape factor is responsible of that shift. The selected shape factors (Tab. 1) are analytically derived parameters which 
are not taking into account the flow history and matrix desaturation. More precisely, the shape factors do not take into 
account the matrix desaturation linked to diffusion through time.  
One of the main issues implied by the dual–medium representation is that the matrix transient flow is ignored. In large 
models, where transient flow representation could have a major impact on the final recovery, this point could lead to large 
mismatches as the one we observe in case 2. As the shape factor was clearly indentified as the source of the problem, a 
further study should be led on its implication on diffusion behaviour through matrix size evolution. It is however extremely 
important to keep unified the expression of the GTF in using a unique shape factor for all its mechanism terms, otherwise 
it could reduce dramatically the strength of that formulation and its coherence as a transfer function.Time dependent shape 
factors were developed by Van Heel et al. (2007) in order to try to capture the matrix transient flow. However, those objects 
are based on pressure depletion and not applicable in the designed ECLIPSE300 reference cases or in the standard 
implementation of the GTF as the pressure does not vary along with the diffusion process. Further researches, based on 
Van Heel et al. (2007) analysis, could be done to come up with saturation or component density dependent new terms. This 
could allow reducing the diffusion transfer rates when the size of the matrix implies a shift between the GTF response and 
the fine grid case as it was observed in the previous experiment. The formulation of Van Heel et al. (2007) can be 
investigated in order to developing such a new term. 
The role of the boost factor was also investigated as its purpose is to increase the diffusion speed at early times and 
subsequently could be responsible of the observed increase in the speed of diffusion (Fig. 7). However, the attempts to 
change that parameter artificially in multiplying it by a constant coefficient did not provide more accurate results as the 
opposite phenomenon was finally observed. The GTF became too slow compared to ECLIPSE300 diffusion model. Even 
if a better match is achieved for smaller matrices while performing that kind of operation on the boost factor or the shape 
factor, similar adverse effects are always observed for larger matrices. 
 
Case 3 
A comparison of the GTF diffusion behaviour with the ECLIPSE300 double-porosity simulator was also led. The purpose 
of the test was to observe if the GTF is worth being used instead of the ECLIPSE300 commercial double-porosity simulator. 
As the 2D results (Fig. 7) were not convincing in term of temporal compatibility, a 10 𝑚 long 1D matrix with a Zimmerman 
shape factor was used to perform that test (Fig. 8). 
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Figure 8- Comparison of GTF implementation for a 1D 10 meters long model with ECLIPSE300 fine grid simulation and 
ECLIPSE300 double porosity simulator. SF stands for Shape Factor. 
 
 
The first observation indicates that at early times, ECLIPSE300 double-porosity simulator behaves closer to the fine 
grid than the GTF does. In fact the diffusion appears to be slightly slower than for the GTF simulation but is still faster 
than for the fine grid case. However, at middle and late times, the trend is inverted and the double-porosity simulation of 
diffusion becomes faster than the GTF. Even if the total desaturation appears to be at a same time for ECLIPSE300 fine 
grid simulation and ECLIPSE300 double-porosity simulation, a better match is observed at late times between the GTF 
and the fine grid model. In fact, as it was observed in the previous cases, the match between the GTF and ECLIPSE300 
fine grid simulation for diffusion is very good at late time and more accurate than for the double-porosity model. 
For those reasons, the GTF diffusion term is worth being implemented instead of the classical ECLIPSE300 double-
porosity simulator. As it was previously detailed, the study of Lu et al. (2007) showed that the GTF presents very good 
results compared to other transfer functions when looking at capillary and gravity displacements and fluid expansion at 
early times. It appears also now that at late times, the behaviour of the GTF is better than what is experimentally observed 
when comparing to commercial simulations for diffusion. Moreover, the initial tests led by Lu et al. (2007) showed that 
the GTF implementation is less time consuming than other transfer functions implementation. The use of the GTF 
represents as a consequence for diffusion and for the other recovery mechanisms an important gain in time and in accuracy. 
 
Conclusions and Suggestions for Further Work 
The diffusion term of the GTF, an algebraic transfer function developed in 2007 by Lu et al. at Imperial College London 
was tested within that paper against ECLIPSE300 fine grid reference. The test was done in dimensions 1 and 2, using 
various classical shape factors and with including a sensitivity analysis on the matrix size. A comparison between the GTF 
behaviour in dimension 1 and the commercial ECLIPSE300 double-porosity simulator was also performed. 
The experiments showed that the GTF diffusion is faster at early and middle times than the fine grid case is, but is very 
accurate at late times, when the diffusion impact is generally the most important. A sensitivity analysis also showed that a 
time shift appears with increasing the size of the matrix in 2D. That effect, linked to a faster diffusion for GTF than for the 
fine grid case, was not observed in 1D. This behaviour was attributed to errors in not taking into account the kinetic of 
diffusion and evolution of the matrix petrophysical properties into the definition of the shape factor. This error could be 
mitigated with the development of matrix saturation or fluid component density dependent new terms based on Van Heel 
et al. (2007) terminology and included into the GTF formulation. 
The comparison of the GTF behaviour with the ECLIPSE300 double porosity simulator also presented a better match 
for the GTF with the fine grid case at late times. However, a better match between ECLIPSE300 double-porosity simulator 
and ECLIPSE300 fine grid reference case was observed at early and middle times as the speed of diffusion was slower. As 
the main impact of diffusion is generally at late times, those results push forward the implementation of the GTF instead 
of classical double-porosity simulators. This fact is highlighted by the initial results obtained by Lu et al. (2007) which 
described a very small computational time for the GTF compared to other classical transfer function implementations. This 
mitigates one of the issues generally encountered by engineers when trying to model NFRs in a double-medium 
representation. 
A further work is required to develop and test new ways of implementing shape factors in 2D in order to reduce the 
GTF speed of diffusion for large matrices and propose a more accurate diffusion term in that case. More, the test in 
tridimensional geometries remains to be done for the GTF diffusion part. A 2 and 3dimensional comparison of the GTF 
with commercial double-porosity simulators still has to be carried to confirm the advantage in using the GTF instead of the 
transfer functions implemented in those simulators. 
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The adaptation of the GTF to EOR processes has still to be done as NFRs are generally linked to very low recoveries. 
Those reserves are mainly produced using those processes as secondary and tertiary mechanims. Especially, a further 
investigation has to be led on how the GTF behaves when temperature variations are involved through thermal EOR 
processes. In that case a general reformulation of the GTF standard parameters and petrophysical properties such as end-
point saturations and viscosities should be coupled with a thermal diffusion-convection equation and the tests led through 
thermal simulators modelling mass and energy transfers. 
 
Nomenclature 
 
Name Description Dimension, unit (SI) 
   
𝑄
𝑐
  Matrix/fracture transfer rate of component 𝑐 𝑀. 𝐿−3. 𝑇−1, 𝑘𝑔. 𝑚−3. 𝑠−1 
𝑄𝑝,𝑐
𝐷  Matrix/fracture diffusion transfer rate of component 𝑐 in phase 𝑝 𝑀. 𝐿−3. 𝑇−1, 𝑘𝑔. 𝑚−3. 𝑠−1 
𝑄𝑝
𝐸  Matrix/fracture fluid expansion transfer rate of phase 𝑝 𝑀. 𝐿−3. 𝑇−1, 𝑘𝑔. 𝑚−3. 𝑠−1 
𝑄𝑝,𝑟
𝑆  Matrix/fracture fluid transfer rate of phase 𝑝 governed by displacement of phase 𝑟 𝑀. 𝐿−3. 𝑇−1, 𝑘𝑔. 𝑚−3. 𝑠−1 
𝐶𝑝,𝑐 𝑚 Matrix massic concentration of component 𝑐 𝑀. 𝐿
−3, 𝑘𝑔. 𝑚−3 
𝐶𝑝,𝑐 𝑖 𝑚 Initial matrix massic concentration of component 𝑐 𝑀. 𝐿
−3 𝑘𝑔. 𝑚−3 
𝐶𝑝,𝑐 𝑓 Fracture massic concentration of component 𝑐 𝑀. 𝐿
−3 𝑘𝑔. 𝑚−3 
𝜙𝑚 Matrix porosity No unit 
𝐵𝐷  Boost Factor dor for diffusion No unit 
𝐷𝑖→𝑗 Diffusion coefficient of specie 𝑖 into 𝑗 𝐿
2. 𝑇−1, 𝑚2. 𝑠−1 
𝐷𝑝𝑐 Diffusion coefficient of component 𝑐 under phase 𝑝 𝐿2. 𝑇−1, 𝑚2. 𝑠−1 
𝑁𝑝𝑐 Number of hydrocarbon components in phase 𝑝 No unit 
𝑆𝑝𝑚 Matrix saturation of phase 𝑝 No unit 
𝑆 General Saturation (analytical derivation) No unit 
∆𝑡 Explicite scheme timestep 𝑇, 𝑠 
Χ Shape Factor 𝐿−2, 𝑚−2 
𝐴𝑛 Propertie 𝐴 taken at time step 𝑛 Unit of 𝐴 
𝐿𝑥 Typical matrix length under 𝑥 direction 𝐿, 𝑚 
𝐿𝑦 Typical matrix length under 𝑦 direction 𝐿, 𝑚 
𝐿 General characteristical length (analytical derivation) 𝐿, 𝑚 
𝑝 Phase considered (𝑜, 𝑤, 𝑔 for oil, water and gas) No unit 
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APPENDIX A – CRITICAL LITTERATURE REVIEW 
 
 
SPE paper 
 
Year Authors Title Contribution 
426 1963 
Warren, J.E. 
Root, P.J. 
The Behaviour of 
Naturally Fractured 
Reservoirs 
Development of a simplified source/sink 
model for Matrix/fracture system flow in 
naturally fractured reservoir based on a 
dual-porosity model using a lumped 
pressure parameter in steady-state flow 
conditions, easy to solve numerically. 
 
10511 1983 
Kazemi, H. 
Gilman, J.R. 
Improvements in 
Simulation of 
Fractured Reservoirs 
Development of an extension of Kazemi 
model (SPE 5719, 1976) based on Warren 
and Root model (SPE 426, 1963), using a 
three dimension numerical simulator for 
single or double phase flows in 
Matrix/Fracture systems. Update of the 
concept of shape factors for basic 
geometrical structures. 
 
15129 1986 
Wu, Y.S. 
Pruess, K. 
A Multiple-Porosity 
Method for Simulation 
of Naturally Fractured 
Reservoirs 
Description of a new simulation method 
using a new approach of the matrix and 
fracture structures standing as a 
generalisation of the double-porosity model 
introduced by Warren and Root (SPE 426, 
1963). The model is able to describe the 
flow inside the matrix and not only what is 
recovered at its surface. 
 
16007 1987 
Quandalle, P. 
Sabathier, J.C. 
Typical Features of 
Multipurpose 
Reservoir Simulator 
Development of a new transfer function for 
matrix/fracture systems in Naturally 
Fractured Reservoirs using a compositional 
model, multi-phase analysis and three-
dimensional structures. The new transfer 
function takes into account more recovery 
mechanisms than the previous historical 
Kazemi and Gilman (SPE 10511, 1983) 
transfer function as it includes: expansion, 
capillary and gravity displacement and 
viscous effects 
 
16008 1987 
Chen, W.H. 
Wasserman, M.L. 
Fitzmorris, R.E. 
A Thermal Simulator 
for Naturally 
Fractured Reservoirs 
Development of a simulator to model 
thermal injection in Naturally Fractured 
Reservoir allowing taking into account 
various mechanisms in the matrix/fracture 
transfers such as: gravity and capillary 
displacement, mass and energy transfers. 
 
102471 2007 
Van Heel, A.P.G. 
Beorrigter, P.M. 
Van Dorp, J.J. 
Thermal and 
Hydraulic Matrix-
Fracture Interaction in 
Dual-Permeability 
Simulation 
Development of a new analytical solution to 
derive shape factor fully capturing pressure 
and temperature diffusion, not depending 
on the shape and size of the used matrix 
block in the simulation. The new shape 
factor captures accurately the transient flow 
in the matrix linked to thermal processes 
and allows a double-permeability approach 
to describe flow between the various 
matrixes. 
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102542 2008 
Lu, H. 
Donato, G.D. 
Blunt, M.J. 
General Transfer 
Functions for 
Multiphase Flow in 
Fractured Reservoirs 
Development of a new transfer function 
from an extension of Kazemi dual-porosity 
model (SPE 5719, 1976) and Warren Root 
model (SPE 426, 1963), using both dual-
porosity and dual-permeability models. 
The transfer function is numerically easy 
to implement and take into account 
various recovery mechanisms: expansion, 
gravity and capillary transfers, diffusion. 
 
107383 2007 
Zanganeh, M.N. 
Salimi, H. 
Bruining, J. 
Upscaling in 
Fractured Reservoirs 
Using 
Homogenisation 
Adaptation of an up scaling method: 
homogenisation, to the problem of 
equations governing flows in 
matrix/fracture systems in Naturally 
Fractured Reservoirs. 
 
113890 2008 
Abushaikha, A.S.A. 
Gosselin, O.R. 
Matrix-Fracture 
Transfer Functions In 
Dual-Medium 
Simulation: Review, 
Comparison, and 
Validation 
Presentation of the various historical 
transfer functions. A comparison between 
the function is done, linked with a large 
sensitivity analysis on simulation and 
petrophysical parameters. A validation of 
the functions through a comparison with a 
fine-scale simulation model is also 
performed. 
121244 2009 
Abushaikha, A.S.A. 
Gosselin, O.R. 
SubFace Matrix-
Fracture Transfer 
Function: Improved 
Model of Gravity 
Drainage/Imbibition 
Development of a new transfer function to 
predict the behaviour of the matrix/fracture 
system in Naturally Fractured Reservoirs, 
underlying on a dual-porosity classical 
model. The transfer function especially 
insists on modelling the effect of gravity 
drainage to improve recovery kinetics. 
 
134589 2010 
Chordia, M. 
Trivedi, J. 
Diffusion in Naturally 
Fractured Reservoirs 
– A review 
The paper allows providing a better 
understanding of mass transfer 
mechanisms for Naturally Fractured 
Reservoirs linked to heavy oil and 
CO2/Hydrocarbon-solvent. It also provides 
a comparison of the different natural 
recovery processes in NFRs with diffusion 
in term of impact. 
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SPE 426 (1963) 
 
The Behaviour of Naturally Fractured Reservoirs 
 
Authors: 
Warren, J.E. and Root, P. J. 
 
Contribution: 
Development of a simplified source/sink model for Matrix/fracture system flow in naturally fractured reservoir 
based on a dual-porosity model using a lumped pressure parameter in steady-state flow conditions, easy to 
solve numerically. 
 
Objective of the paper: 
To describe the behaviour of permeable regions adjunctions with different flow properties as high permeability 
medium compared to low permeability mediums. Naturally Fractured Reservoirs are typical examples of those 
dual-medium structures. To analyse well test data in regard of that technique in order to define reservoirs 
parameters. 
 
Methodology used: 
- The system is treated under pseudo-steady flow conditions  
- Sink/source (fracture/matrix) system modelling. 
- Model composed of similar matrix block divided by orthogonal fractures defined under same 
directions. 
- Diffusion equations are not solved locally in each blocs but parameters as pressure are lumped within 
each bloc. 
- Flux is modelled using difference of pressure between lumped pressure in the matrix and average 
pressure in the matrix using a shape factor to describe the system geometry 
 
Conclusion reached: 
A conclusion was reached on the number of parameters used to describe the formation system. That number 
can be reduced to two: the fluid capacitance and the mobility. Those parameters are easily determined from 
well-test analysis. A parameter called shape factor is introduced in order to model the system geometry and 
obtain adapted results. 
 
Comments: 
Various limitations with the approach: 
- The equations dos not stand early times as it is taken into account in steady-state conditions. 
- The model developed for the flux is only available with step function boundary conditions. 
- Only one recovery mechanism took into account: fluid expansion. 
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SPE 10511 (1983) 
 
Improvements in Simulation of Fractured Reservoirs 
 
Authors: 
Kazemi, H. and Gilman, J. R. 
 
Contribution: 
Development of an extension of Kazemi model (SPE 5719, 1976) based on Warren and Root model (SPE 
426, 1963), using a three dimension numerical simulator for single or double phase flow in matrix/fracture 
systems. Update of the concept of shape factors for basic geometrical structures. 
 
Objective of the paper: 
Develop a simulator to simulate flow in NFRs typical simplified systems as matrix blocs surrounded by 
fractures in three dimensions taking various recovery mechanisms into consideration: 
- Fluid expansion 
- Capillary drainage/imbibition 
- Gravity drainage/imbibition 
 
Methodology used: 
- The system is treated under pseudo steady flow conditions as a consequence of the adaptation of 
Warren Root equations 
- The fracture system is fed by the matrix loaded with hydrocarbons. 
- One equation is numerically implemented for each phase. 
- As a consequence of the 3D treatment, the displacement terms are added to the 6 matrix/fracture 
faces. 
-  
Conclusion reached: 
The development of that new numerical approach led to a more realistic description of the matrix/fracture 
behaviour than what was previously done by Kazemi (SPE 5719, 1976). That double-porosity model is also far 
less expensive in term of computational resources than the previous ones and allows using wider input 
conditions for structural heterogeneities. 
Comments: 
 
Various limitations with this approach: 
- The equations dos not stand at early times as they are taken in steady-state conditions. It introduces 
mistakes at early times. 
- Not efficient when gravity is not negligible 
- Results strongly depends on height of blocks.  
- Same mobility, permeability and pressure potential for each matrix face 
- Cannot capture flow accuracy at Matrix/fracture interface. 
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SPE 15129 (1986) 
 
A Multiple-Porosity Method for Simulation of Naturally Fractured Reservoirs 
 
Authors: 
Wu, Y. S. and Pruess, K. 
 
Contribution: 
Description of a new simulation method using a new approach of the matrix and fracture structures standing 
as a generalisation of the double-porosity model introduced by Warren and Root (SPE 426, 1963). The model 
is able, in a wider way than previously, to describe the flow inside the matrix and not only what is recovered at 
its surface. 
 
Objective of the paper: 
Describe precisely the MINC (Multiple Interacting Continua) method implemented in order to fight classic 
issues encountered when using double-porosity models and especially to fight the lack of information 
concerning transient flow in the matrix. 
 
Methodology used: 
- Discretisation of the matrix into nested parallelepiped subdomains refined in critical flowing zones. 
- The implementation of the numerical method is done using a simple finite-difference scheme inside 
the matrix and the surrounding fractures. 
- The model is faced against a simple reference small element matrix simulation and real coning 
problems/five-spot example. 
- A comparison is also reached on the simple double-porosity model and the MINC simulator. 
 
Conclusion reached: 
The MINC method is far more accurate than the simple double-porosity model developed by Kazemi and 
Gilman (SPE 10511, 1983) as it does not implies an increasing error with the increase of the matrix block in 
height. It gives a precious description of transient flow behaviour in the matrix under capillary/gravity imbibition 
process. 
 
Comments: 
Some limitations are being raised from the description of the method. 
- An increase in computational time in regard of classic double-porosity model implementation is 
noticed. 
- The MINC method is not implemented and tested for other mechanisms than imbibition such as 
gravity/capillary drainage, diffusion or viscosity processes. 
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SPE 16007 (1987) 
 
Typical Features of Multipurpose Reservoir Simulator 
 
Authors: 
Quandalle, P. and Sabathier, J. C. 
 
Contribution: 
Development of a new transfer function for matrix/fracture systems in Naturally Fractured Reservoirs using a 
compositional model, multi-phase analysis and three-dimensional structures. The new transfer function takes 
into account more recovery mechanisms than the previous historical Kazemi and Gilman (SPE 10511, 1983) 
transfer function as it includes: fluid expansion, capillary and gravity displacement and viscous effects 
 
Objective of the paper: 
Propose a further development of Kazemi and Gilman model (SPE 10511, 1983) transfer function based on 
the Warren and Root (SPE 426, 1963) analysis. The extension fully takes into account the compositional 
aspect of the fluid model and extends the classic double-porosity model to a double-permeability model 
allowing flow in the matrix.  
 
Methodology used: 
- A correction of the classic Kazemi and Gilman (SPE 10511, 1983) formulation is adopted allowing 
separating vertical and horizontal flows and describing in more accurate ways capillary and gravity 
linked displacements. 
- Different permeabilities, mobilities and pressure potentials are applied on each face of the Matrix 
avoiding overestimation of recovery. 
- More complex structures as matrix column structures are adopted in order to capture height instability 
problems linked to gravity and capillary mechanisms. 
- A definition of “flow coefficient” is done in order to fit in a better way the results from reference 
simulation. 
 
Conclusion reached: 
The new Quandalle and Sabathier transfer function is far more accurate than the ones developed before. This 
is induced by the fact of comprising the action of more recovery mechanisms in describing the transfers in the 
Matrix/Fracture system. The numerical method implemented is not more computationally consuming than the 
previous one and allows flexibility in regard of the gridding method. 
 
Comments: 
It is still hard to capture the gravity effect when it is the main mechanism in a given transfer. The formulation 
includes early time mistakes as the analysis is done in steady-state conditions. It cannot capture flow 
accurately at the interface and is unlikely to model precisely the flow in the matrix within the double-
permeability simulator. Diffusion could be taken into account, but no further analysis has been done. 
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SPE 16008 (1987) 
 
A Thermal Simulator for Naturally Fractured Reservoirs 
 
Authors: 
Chen, W. H. Wasserman, M. L. and Fitzmorris, R. E. 
 
Contribution: 
Development of a simulator to model thermal injection in Naturally Fractured Reservoir allowing to take into 
account various mechanisms in the matrix/fracture transfer such as: gravity and capillary displacement, mass 
and energy transfers. 
 
Objective of the paper: 
To develop a simulator for thermal EOR processes in Naturally Fractured Reservoirs allowing to understand 
and represent the various physical mechanisms involved in the transfer process from matrix to fracture. The 
simulator is also adaptable to non-NFR. A sensitivity study on the geometrical representation of the 
Matrix/Fracture is done in order to model as realistically as possible the energy transfer through the system 
 
Methodology used: 
- A double-porosity model is adopted: flow from matrix to fracture and then inside the fracture network. 
- A double-permeability approach with a special matrix gridding are applied in order to capture the 
transient flow in the matrix. 
- Matrix blocs are initially represented as cylinders. 
- A wide sensitivity analysis has been done on the following parameters: matrix shape, matrix bloc size 
and the system wettability. 
 
Conclusion reached: 
The best way to model transient flow in the case of an EOR process in the matrix/fracture system under the 
adopted methodology consists in discretising the Matrix blocs under the radial direction. Even if gravity 
drainage is included into the simulation, it widely depends on the bloc size and is hard to be captured 
accurately. The computational cost of the simulator is not greater than the classic implementation of the 
double-porosity model. 
 
Comments: 
- It is important to notice that the capillary pressure and the associated recovery are linked with the 
condensation of the steam in the matrix under the case of steam injection EOR process.  A special 
care has to be taken about the amount of condensed water as a higher capillary pressure leads to a 
lower oil recovery. 
- For steam injection, water imbibition’s role is not as much important as heat transfer in the 
matrix/fracture systems. 
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SPE 102471 (2007) 
 
Thermal and Hydraulic Matrix-Fracture Interaction in Dual-Permeability Simulation 
 
Authors: 
Van Heel, A. P. G., Beorrigter, P. M. and Van Dorp, J. J. 
 
Contribution: 
Development of a new analytical solution to derive shape factor fully capturing pressure and temperature 
diffusion. The method does not depend on the shape and size of the considered matrix bloc. The new shape 
factor captures accurately the transient flow in the Matrix linked to thermal processes and allow a double-
permeability approach to describe flow between various matrixes. 
 
Objective of the paper: 
To develop a more realistic way to derive shape factors, not depending on matrixes sizes/ shapes and 
evolving through simulation to fully capture transient transfers, linked to thermal and hydraulic processes, in 
the matrix/fracture system and among the matrixes. 
 
Methodology used: 
- A review of the different published shape factors and the applied derivation are first presented: 
Warren and Root (SPE 426, 1963), Kazemi (SPE 5719, 1976), Coats (SPE 18427, 1989), Chang, Lim 
and Aziz (SPE 102471, 2006). 
- A generalist matrix/fracture shape factor is derived for dual-porosity model considering first dual-
porosity and dual-permeability interaction in the matrix/fracture system and then applying no contacts 
between the different matrixes. This approach allows fully moving to dual-porosity model. 
- A fully dual-permeability simulator with a parallel derivation of shape factor is then proposed fully 
taking into account transient flow in the matrix/fracture system. 
 
Conclusion reached: 
- A derivation of efficient shape factors for both dual-porosity and dual-permeability models is done, 
breaking new grounds in regard of the previous historical shape factors and allowing to obtain very 
accurate results, especially in thermal simulations (steam enhanced GOGD). 
 
Comments: 
- It represents an original and accurate approach to determine shape factors. It provides better matches 
in the case of thermal EOR processes. 
- It is also the basis for a potential development of a more general approach to determine shape factors 
under more generalist recovery processes for NFR. 
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SPE 102452 (2007) 
 
General Transfer Functions for Multiphase Flow in Fractured Reservoirs 
 
Authors: 
Blunt, M. J. Di Donato, G. and Lu, H. 
 
Contribution: 
Development of a new transfer function based on an extension of Kazemi dual-porosity model (SPE 5719, 
1976) and Warren Root model (SPE 426, 1963), using both dual-porosity and dual-permeability approaches. 
The transfer function is numerically easy to implement and takes into account various recovery mechanisms: 
fluid expansion, gravity and capillary transfers, diffusion. 
 
Objective of the paper: 
The objective is to develop a new transfer function built as a sum of various terms each treating the various 
recovery mechanisms involved in the matrix/fracture transfers. A correction has to be added to the historical 
formulation from Warren Root (SPE 426, 1963) in order to reduce the early time mistakes linked to the pseudo 
steady-state equations. 
 
Methodology used: 
- The equations for the various recovery mechanisms are treated separately and included in a global 
system mass balance. 
- Each phase and component is separately taken into account. 
- Quandalle and Sabathier (SPE 16007, 1987) method of separating vertical and horizontal 
contributions for gravity and capillary displacements is also implemented. 
- Zimmerman et al. (1993) formalism is adopted to treat early time behaviour for diffusion and fluid 
expansion mechanisms. 
- The GTF is tested for the various recovery mechanisms using series of boundary conditions but not 
for diffusion. 
 
Conclusion reached: 
No iteration procedures are needed as the Pressure equation is solved in an implicit way before any algorithm 
is launched. GTF allows to match accurate predictions for transfer rates and saturation in: Capillary driven 
flows, Mixed-wet systems, Gravity driven flows, Compressible flows. 
 
Comments: 
Various limitations are noticed: Diffusion term not tested. Only incompressible fluids taken into account for the 
displacement part of the equation. Only tested for very simple geometrical configurations, various other matrix 
geometries are not tested. GTF not tested for more complex EOR processes such as WAG flooding, 
surfactant injection and thermal processes. 
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SPE 107383 (2007) 
 
Upscaling in Fractured Reservoirs Using Homogenization 
 
Authors: 
Zanganeh, M. N. Salimi, H. and Bruining, J. 
 
Contribution: 
Adaptation of an up scaling method: homogenisation, to the problem of equations governing flows in 
matrix/fracture systems in Naturally Fractured Reservoirs. 
 
Objective of the paper: 
To derive an application to the widely known homogenisation up scaling method to the problem of flow in the 
matrix/fracture system in Naturally Fractured Reservoirs avoiding closure relations to obtain parameters in the 
up scaled system. 
 
Methodology used: 
- An application of the homogenisation technic is proposed to up scale the governing flow equations in 
the matrix/fracture system. 
- All the physical mechanisms involved in the recovery processes from matrix to fracture are taken into 
account in the up scaled equations so that the transfer function which could be derived from that 
procedure is fully linked to those mechanisms. 
  
Conclusion reached: 
- The results linked to the method are in harmony with the one obtained from classic dual-porosity 
models 
- Some conditions through which the dual-porosity model is not valid are highlighted through that kind 
of process. 
 
Comments: 
- The paper allows understanding in a more detailed way all the concepts behind the up scaling 
procedures which are necessary to make a link between complex multi-fractured fine geological 
structures and the very simple structures taken for the simulations. 
- Even if it is a powerful tool, showing the weaknesses of the classic dual-porosity model, various points 
as the gravity effect have not been tested yet. 
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SPE 118924 (2009) 
 
Massively Parallel Sector Scale Discrete Fracture and Matrix 
 
Authors: 
Geiger, S. Huangfou, Q. Reid, F. Matthai, S. Coumou, D. Belayneh, M. Fricke, C. and Schmid, K. 
 
Contribution: 
Presentation of a new method to simulate the behaviour of the matrix/fracture system in Naturally Fractured 
Reservoirs, including all the classic recovery mechanisms and based on realistic geological models. 
 
Objective of the paper: 
Implement the massive parallelisation combined with a hierarchical structure of solvers allowed by the 
computational power of a new generation computers, to simulate the behaviour of fine geological large scale 
sector (1 km) using a discretised model for a wide range of fracture types. 
 
Methodology used: 
- At a large sector scale with n dimension, all the fractures are discretised at the dimension n-1.  
- The discretisation of the sector relies on a simple combination of finite-volume and finite-elements. 
Various measures are implemented to optimise the algorithmic process: 
- All the process relies on the massive parallelisation of cores  
- To allow this parallelisation, a decomposition of the domain is done in order to reduce the redundancy 
of calculation on each node. 
- An efficient inter-processor communication process is also implemented in order to limit redundancy. 
 
Conclusion reached: 
- The algorithm is efficient to simulate both compressible and incompressible flows in Naturally 
Fractured Reservoirs. 
- It is apparently suitable for a further study based on other EOR mechanisms such as thermally 
assisted recovery. 
- The discretisation of the fractures allows an incredible optimisation of the computational cost of 
simulation. 
 
Comments: 
- Gives information related on how to optimise external algorithms developed in order to simulate 
transfers function.  
- The part on gridding and the decomposition of the domain is as an especially interesting 
consequence. 
- A discretisation of the diffusion function is presented hear and could be used in a further work. 
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SPE 121244 (2009) 
 
SubFace Matrix-Fracture Transfer Function: Improved Model of Gravity Drainage 
 
Authors: 
Abushaikha, A. and Gosselin, O. R.  
 
Contribution: 
Development of a new transfer function to predict the behaviour of the matrix/fracture system in Naturally 
Fractured Reservoirs and underlying on a dual-porosity classical model. The transfer function especially 
insists on modelling the effect of gravity drainage on recovery kinetics. 
 
Objective of the paper: 
 The objective is to review, analyse and discuss the different transfer functions derived during the past 40 
years, in order to provide accurate method for engineers to calculate, in a dual medium approach, the fluid 
transfers between matrixes and fractures in Naturally Fractured Reservoirs. 
 
Methodology used: 
- A history of the work on transfer functions is first proposed 
- A sensitivity analysis on geometrical and petrophysical properties for each of the developed transfer 
functions is led. 
- A comparison of the performance of each of the transfer functions against numerical fine-grid 
reference cases is performed. 
 
Conclusion reached: 
- The historical initial Kazemi transfer function is discredited as it does not represent accurately the 
competition between gravity and capillary drainage, and especially in mixed-wet reservoirs. 
- This problem is overcome by the formulation of Quandalle and Sabathier with its new way of 
decoupling the approach of fluid transfers under the various plans of study. 
- General Transfer Function is validated at early times for the main recovery mechanisms except 
diffusion but present a slight lack of accuracy at late times. 
- Before any further study on the recent transfer functions, the one developed by Quandalle and 
Sabathier should be preferred. 
 
Comments: 
Gave a very good review of the different processes implied in fluid transfers in matrix/fracture systems in 
Naturally Fractured Reservoirs. A very useful description of the forces and weaknesses of the different 
transfer functions is also reviewed. The analytical formulation of each of the transfer function and the way 
shape factors are derived was also especially useful. 
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SPE 134589 (2010) 
 
Diffusion in Naturally Fractured Reservoirs – A Review 
 
Authors: 
Chordia, M. and Trivedi, J.  
 
Contribution: 
The paper allows providing a better understanding of mass transfer mechanisms for Naturally Fractured 
Reservoirs linked to heavy oil and CO2/Hydrocarbon-solvent. In fact it provides a review of the treatment of 
diffusion and a description of different technics presented in previous papers. 
 
Objective of the paper:  
To give a review of all the methods generally used in order to perform experiments or calculations to 
determine the values of diffusion coefficients in hydrocarbons typically present in NFRs. A parallel objective 
was to determine how much diffusion is important among the natural recovery processes present in NFRs and 
what are the main parameters influencing it. 
 
Methodology used: 
- A review of the different recovery mechanisms is done and the paper states the importance of 
diffusion compared with gravity drainage  
- The paper makes a review of all the different experimental and analytical methodologies used to 
determine diffusion coefficient. 
  
Conclusion reached: 
- Miscible gas injection can strictly affect oil recovery in NFRs. The miscibility is a process induced by 
diffusion. 
- Fick’s law is overwhelming when determining analytical models of diffusion. 
  
Comments: 
The paper is especially important in isolating the role of miscible gas injection, its link with diffusion and in 
stating the care which has to be taken in clearly separating the diffusion process itself with the results of 
miscible gas injection. This was especially useful to be sure the methodology defined in the paper is 
consistent and does not imply to be out the scope in choosing immiscible reference cases. 
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APPENDIX B – GTF DESCRIPTION AND STANDARD IMPLEMENTATION 
 
General Equation of GTF 
 
As it is described by Lu et al. (2007), the GTF is composed of a summation of four terms representing the four 
standards recovery processes linked with the material transfers within the matrix/fracture system. Each 
transfer rate is given in unit of mass per unit of volume per unit of time. 
The general equation is given by Eq. B-1: 
 
𝑄
𝐶
 =  ∑ [ 𝑄𝑃𝐶𝐷 + 𝐶𝑃𝐶𝑚. ( 𝑄𝑃𝐸 + ∅𝑚.∑ 𝑄𝑃𝑅𝑆
𝑅 ≠ 𝑃
) ]
𝑃=𝑂,𝑊,𝐺
 (B-1) 
 
The subscribe 𝑐 represents the nature of the component considered within the treated hydrocarbon. 
The subscribe 𝑃 represents the phase for which we are considering the equation. It can take the values of 𝑂 
(oil), 𝑊 (water) or 𝐺 (gas) 
The subscribe 𝑅 is only present for capillary and gravity driven flows. It represents the phase which induces 
the movement of the phase 𝑃 in the last sum of the GTF. 
∅𝑚 is the Matrix porosity. 
𝐶𝑃𝐶𝑚 represents the density, in unit of mass per volume of the component 𝑐 within the phase 𝑃 in the matrix. 
 
GTF Terms 
 
Fluid Expansion 
Within the GTF, fluid expansion is linked to a difference of pressure potential between the matrix and the 
fracture. To be sure the contribution of fluid expansion and gravity driven mechanisms are separated, that 
potential does not take into account a vertical pressure potential. The difference of potential is only taken for 
the oil in order not to include various times the effect of capillary pressures in the whole GTF. 
 The fluid expansion also implies a boost factor 𝐵𝐸  which purpose is to respect the kinetic of fluid expansion 
at early times. It is designed to be very large at early times and then become small at large times.  
 The petrophysical properties are included via the matrix permeability 𝐾𝑚 and the total transmissibility of 
phase 𝑃 in the matrix 𝜆𝑃𝑚. A shape factor Χ is also taken into account to represent the system’s geometry, 
which can be derived from various methods. 
 The transfer rate induced by fluid expansion is given by Eq. B-2: 
 
𝑄
𝑃𝐸
=  Χ. 𝐵𝐸. 𝐾𝑚. 𝜆𝑃𝑚. (𝑃𝑂𝑓 − 𝑃𝑂𝑚) (B-2) 
 
 
Diffusion 
Diffusion is represented in a similar manner as fluid expansion. It is derived from the linear difference of 
component density in unit of mass per unit of volume within the matrix-fracture system in a precise phase. It is 
represented by: 𝐶𝑃𝐶𝑓 − 𝐶𝑃𝐶𝑚 
 Diffusion also implies a boost factor 𝐵𝐷  used to respect the kinetic of diffusion at early times. It is designed 
to be very large at early times and small at large times. 
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 A diffusion coefficient linked to each component within each phase of the hydrocarbon 𝐷𝑃𝐶 is included into 
the formula as a shape factor Χ allowing taking into account the geometry of the system. 
 The diffusion rate of component 𝑐 included into phase 𝑃 is given by Eq. B-3: 
 
𝑄
𝑃𝐶𝐷
=  Χ. 𝐷𝑃𝐶 . 𝐵𝐷. (𝐶𝑃𝐶𝑓 − 𝐶𝑃𝐶𝑚) (B-3) 
 
Gravity and Capillary Driven Displacements 
Both flows are accounted in the same term of the GTF. This term can be cut into a vertical and a horizontal 
contribution (Eq. B-4). Those contributions are written as functions of the saturation of the considered phase. 
Those terms imply a boost factor as the one used for diffusion and fluid expansion. The formulation also 
includes an artificial transfer rate factor depending on petrophysical properties such as the transmissibility of 
each phase in the matrix, the interfacial tensions between the phases, the normalised capillary curves, the 
matrix porosity, the permeability and typical lengths of the system. The various contributions also take into 
account a smoothing function depending on the fracture saturation. 
 
𝑄
𝑃𝑅𝑆
=  𝑄
𝑃𝑅𝑆
𝐻 + 𝑄
𝑃𝑅𝑆
𝑉 (B-4) 
 
 Where 𝑄𝑃𝑅𝑆
𝐻 refers to the horizontal transfer rate of phase 𝑃 due to phase 𝑅 and 𝑄𝑃𝑅𝑆
𝑉to the horizontal 
one in the same conditions (Eq. B-5). If  𝐽 referes to 𝑃 or 𝑅, then: 
 
𝑄
𝑃𝑅𝑆
𝐽 =  B𝑠
𝐽. 𝛽
𝑃𝑅
𝐽. (𝑆𝑃𝑖𝑚  +  𝐹(𝑆𝑃𝑓). (𝑆𝑃𝑚
∗𝐽 − 𝑆𝑃𝑖𝑚) − 𝑆𝑃𝑚) (B-5) 
 
 Where B𝑠
𝐽 is the boost factor, 𝛽𝑃𝑅
𝐽
the transfer rate of  𝑃 into 𝑅, 𝑆𝑃𝑖𝑚 the initial saturation of phase 𝑃 inside 
the matrix, 𝑆𝑃𝑓 the saturation of phase 𝑃 in the fracture, 𝑆𝑃𝑚 the saturation of phase 𝑃 in the matrix and 𝑆𝑃𝑚
∗𝐽 
the final saturation of phase 𝑃 in the matrix. 
 
Standard GTF Implementation 
 
Lu et al. (2008) described the implementation of the GTF. Linear or non-linear PDE are solved implicitly for the 
system parameters such as the pressure of the oil in the matrix, the saturation of each phase and the density 
of each component. Then the transfer rates linked to each of those evolving parameters are updated at each 
time step and the global transfer rate for component 𝑐 is finally calculated using Eq. B-1. Hereafter the various 
equations solved implicitly to implement the GTF: 
 
For the oil Pressure in the matrix (Eq. B-6): 
 
𝛾𝑡
𝜕𝑃𝑂𝑚
𝜕𝑡
= Χ . 𝐾𝑚 . 𝜆𝑡 . (𝑃𝑂𝑓 − 𝑃𝑂𝑚).
2𝑃𝑂𝑖𝑚 − 𝑃𝑂𝑓 − 𝑃𝑂𝑚
2(𝑃𝑂𝑖𝑚 − 𝑃𝑂𝑚)
 (B-6) 
 
  Where 𝑃𝑂𝑚 is the pressure of oil in the matrix, 𝑃𝑂𝑖𝑚 the intial pressure of oil in the matrix, 𝑃𝑂𝑓 the pressure 
of oil in the fracture, 𝛾𝑡 the total compressibility of the system, 𝜆𝑡 the total mobility of the system, 𝐾𝑚 the 
permeability of the matrix and Χ the shape factor. 
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For the saturation of phase 𝑃 in the matrix displaced by phase 𝑄 in a two phases flow (Eq. B-7): 
 
𝜕𝑆𝑃𝑚
𝜕𝑡
 =  𝛽𝑃𝑅 . (𝑆𝑃𝑚
∗ − 𝑆𝑃𝑚).
 𝑆𝑃𝑚
∗ − 𝑆𝑃𝑚 −  2𝑆𝑃𝑖𝑚
2(𝑆𝑃𝑚 − 𝑆𝑃𝑖𝑚)
 (B-7) 
 
 Where 𝑆𝑃𝑚 is the saturation of phase 𝑃 in the matrix, 𝑆𝑃𝑖𝑚 the initial saturation of phase 𝑃 in the matrix, 
𝑆𝑃𝑚
∗ final saturation of phase 𝑃 in the matrix, 𝐾𝑚 the permeability of the matrix and 𝛽𝑃𝑅 the transfer rate of  𝑃 
induced by 𝑅 containing the system shape information. 
 
 
For the density of component 𝑐 in phase 𝑃 in the matrix (Eq. B-8): 
 
∅𝑚. 𝑆𝑃𝑚
𝜕𝐶𝑃𝐶𝑚
𝜕𝑡
= Χ . 𝐷𝑃𝐶. (𝐶𝑃𝐶𝑓 − 𝐶𝑃𝐶𝑚).
2𝐶𝑃𝐶𝑖𝑚 − 𝐶𝑃𝐶𝑓 − 𝐶𝑃𝐶𝑚
2(𝐶𝑃𝐶𝑚 − 𝑃𝑂𝑚)
 
 
(B-8) 
 Where 𝐶𝑃𝐶𝑚 is the density of component 𝑐 in phase 𝑃 in the matrix, 𝐶𝑃𝐶𝑖𝑚 the initial the density of 
component 𝑐 in phase  𝑃 in the matrix, 𝐶𝑃𝐶𝑓 the density of component 𝑐 in phase 𝑃 in the fracture, Χ the shape 
factor, 𝐷𝑃𝐶 the diffusion coefficient of component 𝑐 in phase 𝑃, 𝑆𝑃𝑚  the saturation of phase 𝑃 in the matrix and 
∅𝑚the matrix porosity. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
  
31 
 
 
APPENDIX C - ANALYTICAL SOLUTION OF 1D DIFFUSION IN CLOSED SYSTEM 
 
 
Figure 1- Experimental design of Preliminary ECLIPSE300 test for diffusion. Up is presented the experimental design and Down 
the gas/liquid initial saturations. 
System and initial conditions 
 
Considering a closed system of length 𝐿 with no flux at its boundaries and populated as it was described 
above (Fig. 1), we obtain the following system of equation Eq. C-1 and Eq. C-2: 
 
𝜕𝑆
𝜕𝑡
(𝑥, 𝑡) = 𝐷𝐶1→𝐶12
𝜕2𝑆
𝜕𝑡2
(𝑥, 𝑡)     (𝑥, 𝑡) ∈ [0, 𝐿] × [0, +∞[ 
 
(C-1) 
 
{
𝜕𝑆
𝜕𝑡
(0, 𝑡) =
𝜕𝑆
𝜕𝑡
(𝐿, 𝑡) = 0                                    𝑡 ∈ [0, +∞[
𝑢(𝑥, 0) =  Γ (
𝐿
2
− 𝑥)                                               𝑥 ∈ [0, 𝐿]
 
 
(C-2) 
 
With Γ(𝑥)the step function centered 0. As the method we propose uses the Fourier analysis, we have to 
turn the initial step function in a continuous one so we can apply basic theorems of the analysis. We transform 
the step function as it is shown below (Fig. 2). 
 
Under those conditions, Eq. C-2 can be written as follow (Eq. C-3): 
 
{
 
 
 
 𝑓(𝑥) = 1     𝑥 ∈ [0,
𝐿
2
−  𝛿𝑥] 
𝑓(𝑥) =  
−1
2𝛿𝑥
𝑥 + 
2𝛿𝑥 + 𝐿
4𝛿𝑥
    𝑥 ∈ [
𝐿
2
−  𝛿𝑥,
𝐿
2
+  𝛿𝑥]
𝑓(𝑥) = 0     𝑥 ∈ [0,
𝐿
2
+  𝛿𝑥]
 (C-3) 
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Full Derivation of General Analytical solution 
 
We propose a separation of variables allowing writing the Saturation function under the following way 
(Eq. C-4): 
𝑆(𝑥, 𝑡) = 𝑓(𝑥). 𝑔(𝑡) 
 
(C-4) 
Form this equation and with simplifying 𝐷𝐶1→𝐶12  into 𝐷 we find (Eq. C-5): 
 
𝑔′(𝑡)
𝐷𝑔(𝑡)
=  
𝑓′′(𝑥)
𝑓(𝑥)
=  −𝛼       𝛼 < 0 (C-5) 
 
 As the variables are independent, we thence have (Eq. C-6): 
 
{
𝑔′(𝑡) =  −𝛼𝐷𝑔(𝑡)    𝑡 ∈ [0, +∞[
𝑓′′(𝑥) +  𝛼𝑓(𝑥) = 0    𝑥 ∈ [0, 𝐿]  
 (C-6) 
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 This gives (Eq. C-7): 
 
{
𝑔(𝑡) = 𝐴𝑒−𝛼𝐷𝑡      𝑡 ∈ [0,+∞[ 
𝑓(𝑥) = 𝐵𝑐𝑜𝑠(√𝛼𝑥) + 𝐶𝑠𝑖𝑛(√𝛼𝑥)     𝑥 ∈ [0, 𝐿]
 (C-7) 
 
 We obtain Eq. C-8 from Eq. C-2: 
 
{
𝑓(𝑥) = 𝐵𝑐𝑜𝑠(√𝛼𝑥)     𝑥 ∈ [0, 𝐿]
√𝛼 =  
𝑛𝜋
𝐿
  ⇒   𝛼 =  
𝑛2𝜋2
𝐿2
     𝑛 ∈ ℤ
 (C-8) 
 
 Finally we obtain Eq. C-9 from Eq. C-8: 
 
{
𝑔(𝑡) = 𝐴𝑒
−
𝑛2𝜋2
𝐿2
𝐷𝑡
     𝑡 ∈ [0, +∞[ 
𝑓(𝑥) = 𝐵𝑐𝑜𝑠 (
𝑛𝜋
𝐿
𝑥)       𝑥 ∈ [0, 𝐿] 
 (C-9) 
 
 The analytical solution for Saturation through Fourier analysis can now be expressed as (Eq. C-10):  
 
𝑆(𝑥, 𝑡) = 𝐸0 + ∑ 𝐸𝑛 . 𝑒
𝑛2𝜋2
𝐿2
𝐷𝐶1→𝐶12 .𝑡
𝑛∈ℕ∗ 
. cos (
𝑛𝜋
𝐿
𝑥) 
  𝑡 ∈ [0, +∞[     𝑥 ∈ [0, 𝐿]      𝑛 ∈ ℤ 
 
(C-10) 
 𝐸0 And  𝐸𝑛 are found from the initial conditions 
 
Nodal Analysis for particular solution of the problem 
 
As  𝑓 has been transformed into a continuous function over [0, 𝐿], Fourier analysis allows us writing (Eq. C-11 
and Eq. C-12): 
𝐸0 = 
1
𝐿
∫ 𝑓(𝑥)𝑑𝑥
𝐿
0
  (C-11) 
 
𝐸𝑛 = 
∫ 𝑓(𝑥)𝑐𝑜𝑠 (
𝑛𝜋
𝐿 𝑥) 𝑑𝑥
𝐿
0
∫ 𝑐𝑜𝑠2 (
𝑛𝜋
𝐿 𝑥)𝑑𝑥
𝐿
0
 
 
(C-12) 
 We obtain Eq. C-13 from Eq. C-11 and Eq. C-12: 
 
𝐸0 = 
1
2
 
 
(C-13) 
  
 
 And Eq. C-14 from Eq. C-3 and Eq. C-12: 
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𝐸𝑛 = 𝐸𝑛,1 + 𝐸𝑛,2 + 𝐸𝑛,3 + 𝐸𝑛,4 (C-14) 
 
 With the following expressions for the previous terms of the summation (Eq. C-15): 
 
{
 
 
 
 
 
 
 
 
 
 𝐸𝑛,1 =
2
𝑛𝜋
sin (𝑛𝜋 (
1
2
−
𝛿𝑥
𝐿
)) 
𝐸𝑛,2 = 
2𝛿𝑥 + 𝐿
4𝛿𝑥
. [sin (𝑛𝜋 (
1
2
+
𝛿𝑥
𝐿
)) −  sin (𝑛𝜋 (
1
2
−
𝛿𝑥
𝐿
))]
𝐸𝑛,3 = 
−1
𝐿𝛿𝑥
{
𝐿
𝑛𝜋
[(
𝐿
2
+ 𝛿𝑥) sin (𝑛𝜋 (
1
2
+
𝛿𝑥
𝐿
)) − (
𝐿
2
− 𝛿𝑥) sin (𝑛𝜋 (
1
2
−
𝛿𝑥
𝐿
))]}
𝐸𝑛,4 = 
−1
𝐿𝛿𝑥
{(
𝐿
𝑛𝜋
)
2
[cos (𝑛𝜋 (
1
2
+
𝛿𝑥
𝐿
)) − cos (𝑛𝜋 (
1
2
−
𝛿𝑥
𝐿
))]}
 (C-15) 
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APPENDIX D – ALTERNATE GTF ALGORITHM WITH DIFFUSION DEPENDENT SATURATION 
 
Within that paper was developed a new way to implement the GTF algorithm. The calculation of saturation is 
affected through that change and the calculation of pressure and components density evolution through time 
remains the same. The classical GTF implementation induces that the evolution of the considered phase 
saturation through time is given by the implicit solution of the following PDE (Eq. D-1): 
 
𝜕𝑆𝑃𝑚
𝜕𝑡
 =  𝛽𝑃𝑅 . (𝑆𝑃𝑚
∗ − 𝑆𝑃𝑚).
 𝑆𝑃𝑚
∗ − 𝑆𝑃𝑚 −  2𝑆𝑃𝑖𝑚
2(𝑆𝑃𝑚 − 𝑆𝑃𝑖𝑚)
 (D-1) 
  
Where 𝑆𝑃𝑚 is the saturation of phase 𝑃 in the matrix, 𝑆𝑃𝑖𝑚 the initial saturation of phase 𝑃 in the matrix, 𝑆𝑃𝑚
∗ 
final saturation of phase 𝑃 in the matrix, 𝐾𝑚 the permeability of the matrix and 𝛽𝑃𝑅 the transfer rate of  𝑃 
induced by 𝑅 containing the system shape information. 
 Considering only this equation, no saturation changes implied by diffusion are observed through time. In 
fact, only capillary and gravity displacements are taken into account through the transfer rate 𝛽𝑃𝑅 and the final 
saturation 𝑆𝑃𝑚
∗.  
 This PDE cannot be changed directly to imply saturation changes linked to diffusion but is usually 
implemented under an explicit writing. This explicit version is given thereafter (Eq. D-2) and can be changed: 
 
𝑆𝑃𝑚
𝑛+1 = 𝑆𝑃𝑖𝑚 + 
𝑆𝑃𝑚
𝑛 − 𝑆𝑃𝑖𝑚 + √(𝑆𝑃𝑚
𝑛 − 𝑆𝑃𝑖𝑚)2 + 𝛽𝑃𝑄 . ∆𝑡(2 + 𝛽𝑃𝑄∆𝑡). (𝑆𝑃𝑚
∗ − 𝑆𝑃𝑖𝑚)2  
2 +  𝛽𝑃𝑄 . ∆𝑡
 
(D-2) 
 
 The material balance equation for diffusion only can be written as following (Eq. D-3): 
 
∅𝑚
𝜕
𝜕𝑡
(𝑆𝑝𝑚𝑐𝑝𝑐𝑚) = 𝑄𝑝𝑐𝑑  (D-3) 
 
 And when considering 𝑐𝑝𝑐𝑚  in a discretised way (Eq. D-4): 
 
𝑆𝑝𝑚
𝑛+1 = 𝑆𝑝𝑚
𝑛  +    
1
𝑁𝑐
∑
∆𝑡. 𝑄𝑝𝑐𝑑
∅𝑚 . 𝑐𝑝𝑐𝑚𝑛𝑐
 (D-4) 
 
 We observe that the following term (Eq. D-5) is the only one implying diffusion: 
 
1
𝑁𝑐
∑
∆𝑡. 𝑄
𝑝𝑐𝑑
∅𝑚. 𝑐𝑝𝑐𝑚
𝑛
𝑐
 (D-5) 
 
 So that we can re-write the global saturation equation in its discretised form as following (Eq. D-6): 
 
𝑆𝑃𝑚
𝑛+1 =  𝑆𝑃𝑖𝑚 + 
𝑆𝑃𝑚
𝑛 − 𝑆𝑃𝑖𝑚 + √(𝑆𝑃𝑚
𝑛 − 𝑆𝑃𝑖𝑚)2 + 𝛽𝑃𝑄 . ∆𝑡(2 + 𝛽𝑃𝑄∆𝑡). (𝑆𝑃𝑚
∗ − 𝑆𝑃𝑖𝑚)2  
2 + 𝛽𝑃𝑄 . ∆𝑡
+ 
1
𝑁𝑐
∑
∆𝑡. 𝑄𝑝𝑐𝑑
∅𝑚. 𝑐𝑝𝑐𝑚𝑛𝑐
 
 
(D-6) 
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 Following that discretised equation to compute in an iterative way all the saturations at different times 
allows obtaining a capillary, gravity and diffusion dependent saturation equation. The other governing PDE 
don’t have to be changed. Another term has to be added to taken fluid expansion into account. 
